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PHILOSOPHICAL TRANSACTIONS.

1. On the Instability of the Pear-shaped Figure of Equilibrium of a
Rotating Mass of Liquid.

By J. H. Jeans, M. A., F.R.S.

Received March 21,—Read April 6, 1916.

1. THE main result obtained in this paper is sufficiently indicated by its title. In a
recent paper® I showed that the stability of the pear-shaped figure could only be decided
on after the figure itself had been calculated as far as terms involving the cube of the
parameter e, which is used to measure the deviation of the pear-shaped figure from
the critical Jacobian ellipsoid. In the present paper these third-order terms are
calculated, and the pear-shaped figure is definitely shown to be unstable.

A statement of the results obtained, and a discussion of their bearing on the wider
question of which this problem forms a part, will be found at the end of the paper
(§§ 23-27).

2. The discussion has to begin with a determination of the potential of a distorted
ellipsoid, carried as far as the third order of the small quantities involved. With a
view to shortening very lengthy computations, it is convenient to arrange the algebraic
solution in a form somewhat different from that previously given. The solution now
given can readily be extended to any order of small quantities, and appears to lead to
the most concise series of computations for terms of all degrees above the second.

Potential of a Distorted Ellipsoid carried to the Terms of Third and
Higher Orders.

3. As before, the undisturbed ellipsoid (which will ultimately be supposed to be the
critical Jacobian) is taken to be the surface A = 0 in the family of surfaces

2’ y: 2* '
-1=0, . . . . . . . (
f a2+7\+bz+7\+02+7\ (1)

while the disturbed ellipsoid whose potential we require (which will ultimately be

* «QOn the Potential of Ellipsoidal Bodies, and the Figures of Equilibrium of Rotating Liquid Masses,”
¢Phil, Trans.,” A, vol. 215, p. 27.
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2 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

supposed to be the pear-shaped figure) is taken to be the surface A = 0 in the more
general family,

.2 yz 2
J+o = :

-1 =0 . . . . . . 2
a?+ A b+k+c2+>\+¢ (2)

Here ¢ is a function of x, y, z, and X, different values for ¢ representing different
distortions of the fundamental ellipsoid.

If V,, V, are the internal and external potentials at z, g, z (or their analytical
continuations as explained in the previous paper, § 3), we have seen that V,, V, must
be of the form

V= [y d, )
Vo= v e ()

where ) L
Ty y sy A S ORI

In these integrations, , y, z are treated as constants while A’ is the value of X at
the point z, y, 2z as determined by equation (2). Furthermore, ¢ must not be selected
at random ; equations (8) and (4) will only give the true potentials if ¢ is chosen so as

<a‘>7: a;)”( )V2¢dx+w(>\)[4z_£+42§+2(2¢>] o )

to satisfy

This equation, as before, is most conveniently solved by a solution

p=ut+fo, . . . . . . . . . . . (D

in which u, v must satisfy the equations -

J:w(x)vz(u+fv)dk+4w(k)v=O, N €-))

o) [(z2 2 a_u> < 2% _5_?))] @% @)2_
4(“”)[<2Aax+ax VPRt e ) = O
4. We attack the second equation first. As'in the previous paper, let us introduce

new co-ordinates &, #, ¢ defined by

, Lz €
= = <, &c.,
¢ a*+x A

and the equation is found to reduce to (cf. equation (87) of the previous paper)

L) (5 + A2<8g+f>
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LiQUID.

In this equation we may put f+¢ = 0, or, since ¢ = u-+fv, we may put

f=_

v
140’

although of course it would not be legitimate to equate differential coefficients of these

equal quantities. The equation reduces to

A A

SOCIETY

OF

A A

SOCIETY

OF

(e sl _u_ﬂ —0,
487\ <1+v> +‘Z[ag<1+v =0
and this may be readily solved in powers of the parameter e on assuming a series of
the form
%U- = eg1 + €°gy + €95 + €'g, + ...
Equating coefficients of the different powers of ¢ we obtain
99 _
N ’
9% _ 151 <_3_9_1 ’
S ag>’
9 _ _1s 1 < ?EAQ@)
EN 42A2 2 % 02/’ and so on.
To satisfy the first of these equations, g, must be a function of ¢ 4, ¢ only, say P.
To satisfy the remaining equations, write
’ 11 0A 1
A= Al &c., so thatéx = 1o &e.
Then if P; is written for 0P/dg, the equation for g, is
9, _15Ap2
| - TR
of which the solution is
g, = —+ (AP +BP?+CP/f) +Q,
where Q is a function of ¢ », { only. Proceeding in the same way, we find
gs=%5(A2P2 Py + ... +2BCP,P.P, + ...)—4 (APQ; + ...) +R. .
where R is another function of ¢, 5, ¢ only, and so on.

B;)_Z
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4 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

5. We now return to equation (8). By a transformation given in the previous paper
(p. 87), it is found that this is satisfied by taking

v=0 when A=0,. . . . . . . . . (14)
and
Vo4 f 293’8—9]=a—".......
wtf ”*4[2Aam+ax =al, (15)

where o may be any function of x, y, z and A, which vanishes when A = 0 and when
A =X. For equation (15) we may try provisionally a solution

v=wtfuw A o o oL (16)

where w;-w/, w” ... are quantities satisfying

x ow aw\_;-g L

4<2K8x+8—)\)_ VAT (1)
/ / ! .

4(2%8—@;+§"{->=--;~v2w,..... C oo (18)
s @ 0w, dw) _ 1 g

4<ZA856+87\>~ n+1Vw,,_1,&c.. e e (19)

After a good deal of simplification, the left-hand member of equation (15) is found to
reduce to

Viu+fVa+4 <2§%+g§i) = —A%[9+%(fw’+ 2f2w”+...+nf"w,,+...)]. (20)

The quantity 6 is so far undetermined. Let it be given by

4/ u > ’ 1" -1
= | — [“ 66 » ceo fy v 3 ° 0 3 1
9 A<1+v/ (W' +2fw” + .4 0f Myt (21)

so that the quantity in the square bracket on the right of equation (20) becomes

_é U ’ W n—1 ]

L;(f”’ ———1+v>(w Lo e ) | L (22)
When A = )\, this vanishes through the factor f+ i—:b—v It will vanish when A = 0

through the last factor if we make

w=w"=w"=..=0, when x=0.. . . . . . (23)

If this last condition is satisfied, expression (22) satisfies completely the conditions
which have to be satisfied by o in equation (15). Hence the value of v given by
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 5

equation (16) will be a solution of equation (15). Moreover, if «/, w”, w"” ... all
vanish when A = 0, » will also vanish when A = 0, so that equation (14) will also be
satisfied. Tt follows that equations (16) to (19), with (23), contain a complete
solution of equation (8).

6. These equations can be solved in powers of the parameter e. Let us assume for
u, v expansions in the form

w = euy+uy+Suy+etu,+ ...,

v = evy+ v+ etvF et ..,
and for w, w',w”, ... &c., expansions

w = ew, + W, + Fw,+etw,+ ...,
w = ew )+ W+ ety et 4.,
The coefficients in the expansions of u, v are of course not independent of those

in the expansion (11) already assumed for uf(1+v). We find easily enough the

relations
ul = 9'1 = P 3

Uy = gs+ Vi1,
Uy = 3+ 0193+ Vo800,

Uy = P+ 0193+ 095+ 0,09, &e.

The value of 6 (equation (21)) is found to be

0 = —[g, (Wi +2fw" + 3w+ ...)

D> e

+ &gy (W + 200"+ 3+ ) gy (W 2w+ ) ]

On equating coefficients of different powers of e in equations (17)~(19), we obtain

j4<2§@%+9§%>=—v%,. S . (24)
{4<2§%+%”$>='—%vzwh &e, . . . . . . (25)
4( 4<2%a—/‘§2+ 9%?): —V2u%~4A%[%(w’l+2fw"l+ ...)]“, . (26)
L4<Z§§@$+§%>=“:—%V2w2,&c.. N 1)
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6 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

There are an infinite number of such sets of equations, of which we shall need only
the set for w,, w', ... in addition to the two sets above. = To simplify the equations as
much as possible, let us limit ourselves to the type of distortion which leads to the
pear-shaped series of figures of equilibrium. For this, as we saw in the previous
paper, u, is of degree 3 in & 5, ¢ so that w, must by equation (24) be of degree unity,
and from equation (25) 2/, must vanish. Similarly u, is of degree 4, so that w, is of
degree 2, W', is of degree zero, and w”, = 0. Again u, will be of degree 5, w, of degrec
3, w'y of degree unity, w”’, = 0; and so on.

" The set of equations for ws,, w'; ... now reduces to

”4(2%%3”—+aw*>=._v2u3 82\(9'”02). L (99)
/ /

<4<2§aam3+§ai";3>=—%v2wg. N (1)

Lw = w)/" = ... = 0.

7. Let us now introduce the operator D, already used in the previous paper (§ 14),

defined by
82

D=4, (30)

82+Ca§2

By differentiation with respect to A, we have

D_ 1@ 1@ 1@
an o Aptmetow

so that oD/ox is the same as V2 transformed into & 5, { co-ordinates. We can now
solve equations (24) to (29) at once by transforming into § », { co-ordinates.
Equation (24) becomes in & », { co-ordinates

™ T T T

and since P is a function of & », ¢ only, this has the integral
?/01 = — 1 DP. . . . . . . . . . . (3].)

No constant of integration must be added, for D vanishes when X = 0 and w, must
also be made to vanish when X =0 (¢f. equations (23)). Thus equation (31) gives
the true value of w, and we have also seen above that w/, = w”y = ... = 0.

The value of v, is accordingly

V=W = —-%:DP = —'% (AP{:§~|‘BPW+CP“)- . . . . N <32>
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 7

From §§ 6 and 4, we now have as the value of u,,

Uy = Jo+010 _
= —1 (AP#+BP,"+CP;) + Q—1P (APy+BP,, +CPy)
=—-{DP*+Q. . . . . . . . . . . . . . . .. (83

The value of w, can next be found from equation (26). The right-hand member

A A

SOCIETY

OF

A A

OF

reduces to —Vu,, and the equation, expressed in & 7, ¢ co-ordinates, becomes
ow, _ oD
T T
oD
—_ 2
=¥ [N SO - EN e
of which the solution is
=g DP2—-1DQ . . . . . . . . . (84)
and similarly equation (27) leads to
wy = — 1556 D’P?+ LDZQ R 1))
These values for w, and ', are identical with those obtained in the earlier paper,
although obtained by a slightly different method. We now proceed to the third order
terms.
On substituting for u, its value as obtained in § 6, we find, in place of equation (28),
_a’wz oW 2 0 <91'w,2>'
<2A’“a‘“ + 87\) V2 (gs+0:g2)+ V2 (vs1) +4A = an\ A
which, after a good deal of simplification,
!/
= V2 (g,+1:g,) + V2 (w,P) + /', V?P + 4P Qg_l;\_g
= V2 (g, +v,9:) +22 X Pga% + (wy+fw';) VP — 4Paw2 . . . (36)
Introducing the various values Which have been obtained for g, g., v, w, and W',
we find, after simplification, that
V2 (gs+139 )+22 P, %% 4 1, vp
3 1Y2 A2 AL p) f 2
oA oB 0A 80
2 2 i
= pA T+qA a7\+fr'AB N sAB — T
oA oB oC oA
+ @A pA o b oA oe L bass b (37)
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8 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED
where .
86
p = | 2 4P) —P 5 (4P |
e a2 )< ]
2 3 2 5487] 6548772 2 )
¢ = | = (4PY) =P (lP”)] ko
S = 16 4_85287128?2 6 - agzan28§2 2 ) ’ ]
1| 2 (pq)-p 2 &
P_—‘L[W( Q)'— WQ]: C.,
o = R&r, &e.

Relation (37) can according]y be put in the form

L2 P =

2 —
\% (93“’””192) + 22 A f 87\

a5 D* (§P*) — 1 D*(PQ) + DR + 8Pw/,].

Equation (86), after transformation to § s, { co-ordinates and integration with

respect to A, gives

)\I
w0y = =3[ D° () —4D* (PQ) + DR] —w/, P—} [ i, P ..

Let us now put
A
j w, VP = £A,
0

so that A will be a function of X only.  We then have
AI
[ fut, P ax = jfg-— A\ = fEA—£ (£ 4 4—§2)J Ad,
0
whence, on operating with V7,

2 (" 1 VP i = _a_{ﬁ _2_”_2_)*4 }
AFZACENTS <A+B*O Jamy.

Equation (29), transformed to & #, ¢ co-ordinates, now becomes

= o 20 ) -1 D0 (pQ) + P2 DR

Prden) e nel(S42 4 é)j A},

(38)

(39)

(41)
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 9

giving on integration,

’wls—”z [564D4( P) Z] D’ (PQ)+‘lD2R]
1A+ gg§<z+g+ 3>§ Ad

8. The solution is now complete as far as third order terms, but can be expressed
in a more convenient form. We have found for the whole value of »,,

Vg = w3+f'wls
[ = D3? (ng) D? (PQ) + DR] —w',P
+iof ke D (§P%) — e D*(PQ) + $D°R]+ Z, . . . . (42)

where Z is formed of terms involving the function A, and has its value given by

Z= (&4 +§2)ij dn—3f A

+8f£<2A+§1]§+21(J>5 -

The term Z in v, gives rise to a term ¢/ Z in ¢, and this in turn leads to a term
() fZ = — 71%5—0- Of7,

in the function ® (see §§ 4, 11 of the previous pdéer), from which the whole solution 18
derived. Using the value for Z which has just been obtained, we readily find that, in
x, 1, z co-ordinates,

_ 'n'pabc 3 _ 2 ___gﬁ_j A }

SN Efl = — Ympabee? N {AA 7N ‘(43)
We found, however (see footnote to p. 32 of previous paper), that for a given

potential problem, the value of @ is not unique. If any function ® gives a solution of

the potential problem, then it was found that any other function of the form

a ’
R 2N S

O+ o' { ou (44)
will give a solution of the same problem, provided that F is any function of , y, z, and
A, which vanishes when A = A’ (i.., when z, ¥, 2, and A are connected by relation (2)),
and » is any function of A\ whatever. Consistently with these conditions we may

take
u = A, F = trpabeé® 'ﬂiﬂ—

and the new solution (44) becomes

{f(f+) LAdx}.. N )

CI)+%7rp06bce A

Y
VOL. CCXVIL.—A. ' C
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10 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

In this solution, ® already contains a term involving A, namely that given by
expression (43). Combining this with the remaining term in expression (45), we find
that the new solution can be put in the form

l\/
d)n-ké*frrpabce"a%,{{%{-LAdh},- N )

where @, is the old solution ® with the termsin A omitted. The last term in expres-
sion (45), being proportional to ¢*p, is of the fourth order of small quantities. Thus
in a solution as far as ¢’ only, this term may be omitted, and ® = &, will be a solution.
In other words the term Z may be omitted entirely from equation (42), and the
remaining terms will still give an accurate solution for v,

Omitting this Z-term, we obtain for the third order terms,

Ug+ foz = uy+ f (ws+ fu's)
= 45D (§P") = 1D (PQ) + R ‘
=3/ e D7 (4P7) =3 D*(PQ) + DR}
+ 3w/ {5t D' ({P?) = D (PQ) + DR} . . . . (47)

This completes the solution of the general potential problem.

Potentral of the Pear-shaped Figure.

9. Collecting the results obtained in §§ 8-8, we have found that as far as terms of
the third order of small quantities, a value of ¢ which satisfies the necessary
differential equation (6) is

¢ = e (uy+Jv,)+€ (Uy+fv,) + € (us+.fvs)
= ¢[P—+/DP]
+¢ [Q—iDP*+/ {#D* (P*) —1DQ} +/* { = 15 D' P + 4 D'Q} ]
+¢ [R=3/DPQ+ 15 DD~} f {51sD'P*—1D"PQ+ DR}
+uf {rdoa D' P = D'PQ+ED' R . . . . .. (48)

At the boundary A = 0, this value of ¢ reduces to
p=eP+eQ+eR, . . . . . . . . . . (49)

and since P, Q, R are entirely at our disposal, this is capable of representing the most
general displacement possible, as far as the third order of small quantities. We have,
however, to save the printing of additional terms, already assumed that P is of a
degree not higher than the third in @, %, 2 and Q of a degree not higher than the
fourth. Subject to these limitations, the potential of the ellipsoid deformed in any
way can be obtained by inserting the value (48) for ¢ into equations (8) and (4).
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 11

10. We shall now limit ourselves to the distortion which was found, in the earlier
paper, to lead to the pear-shaped figure of equilibrium: For this particular distortion
we found (¢f. equations (93) and (94) of the earlier paper),

P = g(ag+B7+y{+x), . E (50)
Q = +[ L&+ My + N& 42070+ 2m &%+ 2n 8% + 2 (p€2+ g +7E) +s]. . (51)

We shall now assume for R the value
R = L a[he + Myt + N+ 2028 +2mEg + 2’ +2 (P& + g +18) + 8], (52)

this being found adequate to satisfy all the conditions for a figure of equilibrium of
a rotating liquid mass.

11. The values of u,+fv, and of u,+fv, were calculated in the former paper (see
equations (121), (122) and (182)). In the same way the value of wu;+fv; as given by
equation (47) is found to be

gt fo, = &0 [153A% +28ABa’B +25ACa%y + §BaB+iBCaBy+ §Cy7]
+ &% [18LA%°3 +71ABa’B +2LACaBy+ 13828 +§BCB%y + $C°By7]
+ &8 [135A%% +2LABaBy+73ACay’ + BBy +3BCBy" +13C%]
+ét [ 15A%B" +1FABB° + FACHYy]
+&* [ 1§A%y" + §ABBy +15ACY’]
+&°C [ 33A% By +21ABS%y +23ACBy°] ,
+&% [184A%* +2}ABaB +21ACay + §B8° +1BCBy + £C%7]
+&'c [ 33A%B +2fABS° + $ACBy]
+ &0 [ 83A%xy + $ABBy +21ACy7]
+&* [ 15A% + 2ABB + $ACy]
—& [ 28ALa + $B(LB+2na) + 4C(Ly+2ma)]
—&% [ 12A (LB+2na) + 3B (Ma+2n8) + 1C(la+mB-+mny)]

—&¢ [ 1A (Ly+2ma)  + 1B(la+mB+ny)+ 2C(Na+2ny)]
—&' [ §A (Me+2n8) +1§BMB + $C (My+28)]
—&' [ $A(Na+2ny) + $B(NB+2ly) +1§CNy]

—&r¢ [ FA (la+mBtny)+ §B(My+2i8) + §C(NB+2ly)]
—& [ 13A (Le+2ap) - + 1B (mctag+Bp)+ 40 (metyp+or)]
—& [ A (nc+ag+Pp) + B (Mc+28q) + 1C(le+yg+pr)]
&8 [ A (metyp+ar)+ 1B (k+yg+pBr) + %C (NK+2yfr)]

—& | 2A (2pc+sa) + 3B (2gc+sB)  + 1C(2re+sy)] _
+Ee L&+ M+ N+ 2078 +2mEE+ 2ng% 4+ 2 (P2 + 977 +18°) + 8]
- c 2
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12 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

— £ [261A% + BB+ 750+ 6.5 A’Bu + 6 %A%y
+ 1ZAB%8 ¢ 13AC% 0"+ 13ABC,By + 4 B0 + 1% BCB, ]
—&f [6°%A% B+ 55ABaS® + 1LACaBy +213ABB° 4 2:AC?8y°+ 1LABCSY ]
—ECf 6% A 0y + 1TA’BaBy + 5§A°Cay’ + %5AB°B%y+212AC%° 4+ 1LABCB) ]
—&f [6A%% +17A%BaSc + 13ACaye + PsABB% + AC % + SABCSy«]
+ EF [61%A Lo+ sB° (Ma+2n8) + 0% (Na +2ny) + 5AB (LB +2na)
+§AC (Ly +2ma) +£BC (lo-+mpB-+ny)]
+ &7 [H3A* (LB +2na) + 233 B°MB + 1%C* (NS +21y) + 13AB (Ma +2n0)
_ ( +8AC (lo+mpB+ny) —j—%BC (My +2IB)]
+ & 1A Ly +2ma) + %8B (My +218) + 213C°Ny + $AB (la -+ mfB +ny)
,‘ + 14AC (Nt 2ny) + BC(NB+21y)]
+&f [12A° (Le+2ap) + %B° (Me+28q) +3%C* (Ne+2y7) +3AB (nk + g+ Bp)
+ 8AC (me+yp +ar) +EBC (le+yq +Br)]
—&% [13A+ tnB+imC]
—&nf [inA+H¥B+ $C]
=& [fmA+ HB+ENC]
—&f  [BpA+ B+ Cl+e/G, . . . . . . .. . .. . (53)
where f stands for Ag%+By*+C¢{*—1, and G is given by

G = A {37 A%0 4 100 ABo?B 4 105 A oy + £ AB 8"
+ #3AC%y + 13ABCxSBy + §1B8 + 110
+dsBCA%y + ¢4 BCBy’}
—105 AL — L 5A’B (L,B +2n0)—§3A’C (Ly + 2ma)
— 2 AB? (Ma+2n8) — & AC? (N + 2ny) — 55 ABC (lo + mB -+ 1)
—33BMB— {50 Ny — % B*C (My + 2(8) — i BC* (N B+ 2ly)
+53AML + S B + 500 + 1 BCL+ 3ACM -+ 3ABn. . . (54)

12. The potential of the distorted ellipsoid
S+reP+e*Q+eR =0, . . . . . . . . . (55)

can now be written down as far as terms in ¢®. The terms in ¢ and ¢? which of
course involve only P and Q, have been calculated in the previous paper. The terms
in ¢’ in V,, the potential at the boundary A = 0, are (¢f. equation (3)),
s [” s (7 Us S0
e L Y (X) (us+f3) AN = —mpabee j —A——dx, .. . . (56)
. 0

in which u;+fv; has the value just given in equation (53).
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 13
Let us put

j' %-Zﬂidx = 2 (02" + Coy* + Ca?' + C%Y° + 02" + Co®2” + W+ g/ + 0,27 +,) . (57)
0 .

The values of the various coefficients in this expression are found to be as follows :—

——[1 5%A2a3 + 25ABa 8+ 25ACo%y -+ §B’0 3’ +1BCaSBy
+3C%0y"—25ALo—4B (LB +2na) —£C (Liy + 2ma) +23L] d

o= |z

- j‘m KIA“‘[261 ‘o’ + 6B+ ch P61 AzBO"z/B“f‘ 6'f)és'A20“2Y
0
+1%AB%8* + 13AC%0* -+ 12ABCaSy + 1% BCA% + B8y  da

r i [606A% T+ B (Mo -+ 208) + %5 (Nt 2r7)
+5AB (LB+2na)+EAC (Liy +2ma) +$BC (la+mB+ny)] dr
r [1+AZL +1Bn+1Cm ] +j G dx. (58)
VX N C e e e

o= | m[lb’—é— 428+ TEABaf? + 25A0afy + 1186 + JBOS'y
0 : ‘
+ 30?8y — 1A (LB + 2n0) — 3B (Ma+ 218) —1C (la+mpB+mny)+ 3] dx

r < Mg[zz<57gzm2+1 B+ 0%y + 65 A7Ba’B+ 6,9 A%Coy

+ 15AB + 15AC%y + 1:ABCaBy + B + #sBCIBy*] dA
[ L6 8w SEATBa 1Ay + 2 AT
0
PACE + 1EABORy ] da

" J AA?Bz[ §A° (LB+ 200+ 21 EBMB + 1150 (N3-+-2ly)

+1FAB (Mo +2108) + §AC (loe +mB+ny) +EBC (My +2/8)] dr

+ j AAdB [6195A2L0L+ gBa (NIOL + Z%ﬁ) + gC2 (NOL+ 27ly)
+3AB (LA +2na) +3AC (Ly + 2ma) +1BC (la +mB+ny)] dr

- r A_—zizB2 [$An+3Bm-+1Cl] da
0

[11A5L+iBn+;ng]d>\+2r G_on. . .. (59)

j . AA’B AA’B
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14 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

The value of £,; can be written down from symmetry.

o = [ gl 1EAS+ 1FABE + ACH"y —PA (Ma-+ 20f)
—1ZBMB—LC (My +218) + 1 ] dx
Jw AAB‘?[()TBFAg 2,8+ 553A’BafB’ + 15ACaBy + 2+ 32ABS

++%AC?8y* + 1§ABCSy | dx

° 1,
+L a4 (LB +2na)+ 21 BM B+ 45C* (NS +21y)

+14AB (Mo +2n8) + 3AC (le+mB+ny)+ §BC (My +2[8) ] dx

rAABJi‘AM 1B+ CI]+j g (60)

The value of ¢, can be written down from symmetry.

by = J‘ AABL)OJ L32A2a18y + 21AB/827 + 2iACB‘y

—3A (la+mB+ny)—3B (My+218)—5C (NB+2ly) + 3] dr
r RO A +5TATBas  1{ACafy + 2B
b ACBy" + ABCS Yy ] dA
~ [ L6 feA ey 1 ABasy + 55A%Cay’ + {,ABSYy
+213AC% -+ 2ABCBy?] d
4 j: A (L 20) + 2HBMB + 45 C (NB+ 21y)
+9AB (Mo +2n8) +5AC (la+mpB+ny) +§BC (My + 2/8) ] dx

J AABOZ[ """ *(Ly+2ma)+75B° (My+218) + 210Ny
+3AB (lo+mfB+ny) +FAC (Na+ 200y) + §BC (NB+2ly)] dx
” 3 1 3 ” 3 3 1
JAABOZ[éAmuBInCN]dA jAAB2O[4An+4BﬁH+4CI]d>\
+2J0m(%odx. I (519
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 15

The values of the four coefficients ¥, I, U, ¥, are most conveniently expressed in
the form :—

0

Y = 8}—L N (3pA +19B+11C) d>\+2pj —ﬁ%; —2j:KGA—2d>\, .. (62)
v, = SQ—fAj& (3pA+1qB+110) ozx+%qj:£@—2f£§dx, . (63)
Y, = %-FA}& (3pA+1yB+11C) d>\+2r j:A(X\CZM—Zj:AEO dn, . . (64)
v =4, I—J‘ N (4pA+4qB+i-rC)d>\+45j‘:—g—%—— r&dx . . (65)

where dy, &, &, §, are quantities which do not depend on p, g, t, 8, being given by the
following equations :—

o = [« (135A%* +2LABa B+ 25ACay 4 B8+ 1BCBy + §C%°)

—1%A (Lc+2ap)—4+B (nc+ag+ Bp)—+C (mk+py+ra)
+267;A3a3+ PeBB+ 250 + 6% A°Ba’ B+ 6 %sACa’y
+ 1ZAB% 3’ + 1£AC*ay* + 11ABCa By + 5 B*CH% + 5 BC*By*] dA

E L [6%A%2+ 1ZA’Ba B+ 1ZACay + £5AB% B+ 1%AC%* + $ABCBy | dA

J. 5

t_.._—jt__._ﬁ
>
b | %

[GI%A Lo +3B* (Ma+2n8) +%C* (Nea + 2my)

+ZAB (LB +2n0) +3AC (Ly + 2ma) +4BC (la+mB+ny)] dr

[13A% (Lik+2ap)+3B° (Mc+28q) ++3C° (Nk+2yr)

+ 2AB (nk+ag+Bp) +3AC (mk+yp+ar)+EBC (le+yq +Br)] dr
[1;,;AZL+IBn+;Cm]d>\ T (1)

5 = j i ¢ (37A%6+ 21ABE"+ $ACSy)

—3A (nk+ag+Bp)—3B (Mc+28q)—1C (kk+yq+Br)
+ GT%Aaaz,B + 5%A23a182 + I%AQCa,By
12AB*8° +%AC* By + $ABCSy ] dA

[6 L%+ 1ZABa B+ 1ZACa B+ 2AB B +%AC%* + 2ABCBy | dA

_LA B
[ (1A (LB + 2na) + 21IBMB + ,C° (NB-+ 21y)
+13AB (Ma+2n8) + 3AC (la+mpB+ny)+EBC (My+28)] dr
+r - (1A (Lt 20p) + 5B (Mi+28g) + 50 (Ne+27)
+2AB (nc+ ag+8p)+ 2AC (mx+yp +ar) +§BC (lk+vyq+Br)] dx
—— [BAn+3BM+LCdN. . . . . . . . . . . . .. (67)

b
oy
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16 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

The value of J; can be written down from symmetry; that of d,, which is of the
same general type, will not be required in the present investigation.

18. This completes the solution of the particular potential problem which we have
had in hand. It might naturally be feared that some mistake might have been made
either in principle or in detail, and it must be remembered that even one mistake
might invalidate the answer to the whole problem. I have, therefore, both here and
elsewhere, taken the utmost care to check the accuracy of my work in every way.
The following will, T think, show that no error need be feared in the solution which
has just been obtained.

The value of V,, if obtained accurately, ought to satisfy V*V, = —47p, and the term
—47p must come entirely from the terms independent of ¢ in V,.  Thus the terms in
V. which are multiplied by e, ¢* and ¢* ought separately to be spherical harmonics.

It was verified in the previous paper that the terms in ¢ and ¢® were in actual
fact of this form. The terms in ¢® will be harmonic if the quantity on the right of
equation (57) is harmonic, and the conditions for this are expressed by the equations

100, 4C+C3=0,. . . . . . . . . . (68)
6Lp+8C+00=0,. . . . . . . . . . (69)
603+ 80, +0p =0,. . . . . . . . . . (70)
SMAW+Y =0 . . . . . . . . . . (71)
I have inserted the values just obtained for ty, Ly, ... Uy, ... In these equations, and

have verified that they are all satisfied. (The necessary transformations of the various
integrals are tedious, but involve no special difficulties.)

It follows that the solution we have obtained gives accurately the potential of some
solid of uniform density p. By the method explained in the earlier sections of the
previous paper, it is easy to work the problem backwards and to verify that the
equation of the boundary of the solid in question is obtained by putting A = 0 in the
equation f +¢ = 0. Thus We\vverif‘y that our solution gives accurately the potential
of the solid of boundary

freP+eQ+efR=0. . . . . . . . . . (72)

Conditions that Pear-shaped, Figure shall be one of Equilibrium for a Rotating
Liquad.

14. In order that the figure determined by equation (72) shall be one of equi-
librium for a rotating liquid, the potential at the boundary plus $u” («*+#°) must, as in
equation (98) of the former paper, be identical with

—mpabcd { f +eP+e*Q+ ¢R } +a constant.
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 17

Let us limit ourselves to the terms in ¢®.  Using the value of V, given by equation
(56) and that of R assumed in equation (52), we find that we must have

—apabed’n (Cua' + Coyy + g2t + 0"y’ + 002°2 + Cof2” + W0 + 09 + 02 1,

2.2
= —mpabcbe’} <§L LN +217b/f4 ams

7 X 2%
+ond 424 +2<p&;+q%+r E;)+5>.

On equating coeflicients we obtain

0 ) 0 . 0

0y, = 2};&35354; Cn =% %mz Oy = i‘CTzC“gN: Coeo . (73)
6 6

. i 41 by = 3 55 Ty = % a“b‘*n’ R V2|
0] 0 0

tﬁ:%&‘ﬁ}]; t‘2=%‘(—1}—§zz.q; h3=%2ﬁéﬂ’ Ce e (75)

0
h4 = %—Czég. . . . . . . . . . . . (76)

These equations, in addition to those found for the first- and second-order terms in
the previous paper, express the condition that the third-order figure (72) shall be a
possible figure of equilibrium.

15. On substituting the values of ¢,;, ¢, ... 3 which have been obtained in § 12 into
the six equations (73) and (74), we obtain a system of six equations from which it is
possible to determine the six unknowns %, ##l, W, |, m, n. The solution is actually
effected in § 17 below.

If we substitute the three values of ¥, ¥, and ¥, obtained in §12 (equations
(62)-(64)) into the three equations (75), we obtain three equations which can be
written in the form :—

0 (“ Adx d\ Bdx Cdx G
p<é—07+%j K?E”%j AA?>+4qj AA2+irJ AA‘—S 2J AA-*“D‘ .- (17)
5 Adx 10 L”Bol>\_,_°°clx>L “Cdh G
““j AAB q<4 pE +4£, AAB fjo AAT “IL AAB = 0T QJ A (78)
o (P Ady 4 7 Bda <9 Cdr l"’clx>___°°(}
“Z‘L AAO““L AAC M Epate j AAC ZL AAcE =% ZL aac™- (79)

It will be seen that p, gy, v do not occur on the right-hand sides of these
equations.
VOL. CCOXVIL—A. D
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18 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

These equations are not, as might at first be thought, a system of three simple
equations determining y, g, . They will be found to be of the type known as
“ porismatic "*; that is to say, equations which are inconsistent unless the coefficients
satisfy a certain relation, and such that, when this relation is satisfied, the equations
have an infinite number of solutions.

Let us, for brevity, write the equations in the form :—

(80)

b+ Eq + £ =1,
kp+ g+ Ezag=1%, l

Ep+ K+ e =%, J

Let us use also the abbreviated notation of the previous paper (p. 50), such that

;:J“M_ o[ 2D - [
t L AABCY 2 AN P AATB

Then, by simple transformations of the integrals, we obtain

1 /26 1 1 )

by = 1&3 &7 —Cy ~03>> ]Cl] = Zgz Cs ]C”l = 47 Co;
3 : 1 /20 L

b= e K=l tema) #as b )
3 1 1 /26

k3 = Z&P Cg, ]ﬁl3 fomnd 4—62 Cl) ]ﬁ”g = zl_c"g <?E2 —302 _-C]>7

With these values of the coefficients, it will be found that equations (71)-(73) of
the previous paper reduce to

ko0 + 2K B+ 2Ky = 0 ]

2/cza+2k’2ﬁ+2/a”2y:of,. L (82)

ks + 2k .8 + Zlc//ay =0
so that
P=2a =286 =2y, . . . . . . . (83

18 a solution of equations (80), when &, = R, = &, = 0.
Without this detailed inspection of the equations, it could have been foreseen that
this would necessarily be the case. For our general solution

p=eP+eQ+eR, . . . . . . . . . (84)

* See ¢ HoBsoN’s Plane Trigonometry,” § 73, or WOLSTENHOLME, ‘ Proc. London Math. Soec.,” vol. 4.
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FIGURE OF EQUILIBRIUM OF A ROTATING MASS OF LIQUID. 19

must cover all possible figures of equilibrium as far as the third order. One such
figure 1s, however, known to be

p=e.0+e.04+6P, . . . . . . . . . (8)

and the corresponding solution for y, g, t is that expressed by equations (83).
From equations (82), it follows at once that we must have

‘ klv k/] ) ]CHI
i kg, ]ﬁ/g, ]{1',/2 = O- . . . . . B . . (86)
k:%a kl(&a ]{3//3

Indeed, it is now clear that this is precisely the equation which determined the
existence of the point of bifurcation on the series of Jacobian ellipsoids.*

If this were the only relation between the ‘coefficients in equations (80), -these
equations could have no solution other thanp = g =1 = . Let us, however, multiply
the three equations (80) by the three minors of %", k”,, £, in the determinant of
equation (86), and add. We obtain a relation of the type,

; kla k,h 331
p.O+Q.0+v.0=  h, Ky B . . . . . . (87)
! k.?a k/:i: ;K?

and it is clear that these equations can now have a solution in which p, g, T are not all
infinite if we have ‘

kK, %

by Ky B =00 L (88)
| .
ok Ky K,

It is only when this relation is satisfied that it is possible to continue our linear
series of equilibrium configurations beyond the second order terms. When it
is not satisfied, our third order solution (84) lapses back into the solution (85),
namely ¢ = ¢’P, which is virtually the first order solution with ¢ replacing e as
parameter. '

16. The relation (88) can be expressed in a much simpler form.

Independently of the values of P, q and 1, we have already seen (equation (71))
that we must have

3h1 + hg + ng = 0. . . . . . . . . . (89)
* As to the relation of this equation to the general theory, see § 36 of my previous paper. ‘
D 2


http://rsta.royalsocietypublishing.org/

A
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

Py

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

20 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

On substituting the values for ¥, ¥ and ¥, given by equations (62)-(64), and
equating coefficients of g, , v in equation (89) to zero, we obtain

3%1 + i%g + %‘3 = 0.

s 0
ki + ko + by = 5 .
27
0
3]3/ -} ]C/ -+ ]"’ — ?14 —
o PR
I 4 W4 b, = 1O
1 2 8=y 50

With the help of these relations equation (88) reduces quite simply to

z&(ciz_ﬁlc):ﬁx(&k LE) L (00)

ot

In this equation the coefficients of 3, and %, depend only on a, b, ¢ the semi-axes
of the Jacobian ellipsoid, and so are fully known. The quantities %,, 3, however
depend on the second-order coefficients I, M, N, ... p, ¢, », s. These were calculated
in the previous paper, but p, ¢, 7, s could not be fully determined, since they were
found to depend on a quantity n”, which measured the change in angular velocity
This it was found impossible to evaluate so long as the investigation was confined
to second-order terms. It now appears that equation (90) is in effect an equation
determining n”. The equation is linear in n”, so that it gives only one valye for =
When 7" has this value we are on the true linear series, but if »” has any other
value our solution, when we try to extend it to third-order terms, degenerates into a
solution of the type of (85), with which nc progress can be made. Our plan, then,
is to evaluate the terms which occur in equation (90) and so obtain the value of #”.
On inserting this into the values of p, ¢, 7, s which were obtained in the previous
paper, we complete the solution as far as the second-order terms, and can then proceed
to the stability criterion.

Numerical Computations.

17. It is at once apparent that the evaluaﬁon of €, by, ... By, Dy, ..., glven by
equations (58)—(67), can be made to depend on integrals of the same type as occurred
in the previous paper, namely integrals defined by

S N/
Tave.. = jo AABC..
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In addition to the integrals which were given in the previous paper,® I have -
calculated the following values of additional integrals needed for the computation of
third-order terms.

Jps = 0°9637364, Jpo = 1°392786, oo = 2-024093',
Jpor = 2°948174, Jpee = 4'316064, Jo = 6°386915,
 Jue = 00001716853, Jan = 0°0006851396, Jao = 01000942028,
J e = 07002877084, Jame = 0004027127, J o = 0°005675881,
Ty = 0°01256355, Jasme-= 001783828, Jame = 0°02547622,
J o = 070365761, Jpepe = 0°0565289, Jymme = 070811833, -

Jarpres = 071172029, J pener = 071698776, Jpeer = 0°2473229,
Jups = 0°260331, Jano = 0°377266, Jamoe: = 0°549771,
J e = 0°802462, Japes = 17177387, Jae = 1731910,

Jpe = 1221051, Jwe = 1781565, - JTpe = 27621427,

Jpos = 3'887093, J o = 5679960, Jpes = 8°391280,

Jo = 12°448855,

Ja = 070000434660, Jan = 07000177538, Jpc = 0°000245881,

J e = 07000757892, Jame = 0°00106671, J sz = 0700151097,

J e = 000334922, Japo = 0700477536, Jpamee = 0°00684621,

Jaser = 0700986287, Jpee = 070152016, Jpsmee = 070219023,
Jpspe = 0°0317157, J ppes = 0°0460906, J e = 0°0672671,

J s = 0°0704673, J e = 07102874, Jpmsee = 07149566,
Jopa = 0°218724, J epee = 0°321581, J oo = 0°473857,

Jam = 0332181, Jamo = 0°485553, Jamez = 0716300,
Japees = 104926, Japeos = 1'55682, Janes = 2°30256,

J oo = 3°42068.

The first task is the evaluation of ¢, €y, ..., £ These quantities are connected by
the three relations (68)—(70), so that only three of the six quantities need have been
calculated. I have, however, calculated four coefficients, namely, tyy, Cy, L and Gy
quite independently, the object being to obtain a check on the accuracy of the
computations. In this way a check is obtained at every step of the computations.

* The following are true values of integrals which were incorrectly given in the previous paper :—
Jpec = 1-3419631, Jaspec = 0°09510324, Teoce = 0-4781180.°

In each case the error was one of printing only, and did not enter into the computations. The whole
table given in the previous paper was recomputed before extending it for purposes of the present paper.
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22 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

The values obtained were

L, = —0°00027993L— 0009320640 +0°010377 5N
—0°00458150 —0°0016151m +0°00402681 +0°00423888, . . (91)

£; = —0°0003508%L +0°0035301H—0°0295936 N
—0°0024284] +0°0074994m —0°00102961 +0°0044358, . . (92)

Lp= 0°0001010%L+0'0126532/ +0°0153304N
—0°02508190 +0°0010344m —0°0017407n —0°0015791, . . (93)

t; = 000013614 +0°0062287f+0'0353141N
—0°02615750 —0°00852801m +0°00078741n —0°0016798. . . (94)

Two values of C, can now be deduced from equations (69) and (70) respectively.
-These are found to be

100002387 . —0°047957  —0°123015

T 0°0002348 —0°047962°  —0°123004
1016424 —0°001861 —0'001636 —0°003242
+0°16420 —0°001860 " —0:001636 —0:003227.

The agreement of these values provides a check on the computations of the
coefficients ¢y, ..., and of the integrals from which they have been calculated.
In virtue of relations (73), equations (68)—(70) become

55—L+%l L (1)
31@%3—“+—I;=0, B C1))
b ¢ _

3N+§@+—z—4:0, (9

while relations (73) and (74), of which only three are now independent, may be
represented by

4 0
D]g"% 00%411 = O, . . . . . . . . -. (98)
—t-Cm =0, . . . . . .. .. (99)
13 abc4 H
P R (100)
22‘——4: aZbS _ . . V . . . . . . . .

On substituting for t,,, ,3, and t,, from equations (91)-(98), these become six linear
equations for 4, MM, N, [, m, and n.
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The solution of these equations is found to be
1L = —126275, fl = —0°0307056, N = —0'0044636,
[=— 00116194, m = 0°42602, 1= 115365.
These values have been checked by insertion, not only in the six equations from
which they were directly derived, but also in the remaining equations (78) and (74).
We now have all the material necessary for the evaluation of %,, &, and %,
which, it will be remembered, are the right-hand members of equations (77)—(79)
respectively. These have been computed independently, and I found
#, = —0°0016803 +0°228894n”,
K, = +0°0026780—0301110n",
%, = +0°00238739—0°385644n".
These values ought to satisfy (cf. § 16)
3%1""}32"‘1‘%3 =0 s

3%, + 3, +%; = 0°000011—0°000077",

in place of which T find

but the error is no greater than might reasonably be expected in view of the very
large number of operations in each computation.®

The coefficients in equation (90) are found to be
3

@4

31,

664

1
b
so that the equation itself becomes

58753 (—0°0016808 +0'228894n") = 0'24949 (0°0026780—0'301110n"),

L

kl_b“

k, = 00058753, ky = 0°00024949,

and the solution is found to be
n" = 0'007423.

Completion of Second Order Solution.
18. On substituting the value just obtained for #” into the values for p, g, 7, s,
found in the previous paper (§ 84), I find,
p = 3124954,
g = —0'103164,
r = —0'015236,
s = —0'256962,

thus completing the figure to the second-order terms.

* Lach of the quantities %;, #s, R; has been computed by expressing it as a sum of integrals of the
type tabulated on p. 21.  The first term in 3, namely 131xa2e~J,,,, may be thought of as a typical
term. Each of the quantities i, 2, s consisted of 326 such terms, so that 3%, + T, + B3 is a sum of 978
such terms, each of which, it must be remembered, is evaluated by a fairly lengthy series of computations.
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24 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

The corresponding rotation is given by

2

2 = p+en” = 014200+0°007423¢"
2ap

We notice at once that o increases as we pass along the pear-shaped series, whereas
in Sir G. DARWIN'S solution o was found to decrease. Thus the present solution
diverges in essentials from that of DARWIN.

On the other hand the present solution is similar to that for rotating cylinders® in
which the rotation was also found to increase as we passed along the pear-shaped
series, and as we shall now see, the increase is at a very similar rate.

Our present figure, as far as the first order of small quantities, is

2 2

@ v 2
3'55+0'664+O'424

+e(—=0'0792°+ 0127297+ 010622 +0°'1422) = 1,

while the cylindrical figure, on replacing the parameter 10%0 used in the second half of
the two-dimensional investigation by e, was found to be

@’ Yy’ . 3, e .
= L —0'0632* 190xy*+0°211x) = 1.
5+O,555+e( @+ 0°190xy’+0°21 1)

A comparison of these two figures shows that the two ¢’s may be taken to be very
approximately the same. As regards angular velocity, the value in the present three-
dimensional problem has been found to be

2

L =p4ne = 0714200 (1+0°05227¢%),
2mp

while that in the two-dimensional problems wasf

o 3, 8625

- ® = 0°3750 (140°0513¢).
2ap 8 448 ° ( ¢)

Thus, in so far as it is possible to compare the three-dimensional problem with its
two-dimensional analogue, we may say that the two rotations are in very close
agreement.

Caleulation of the Moment of Inertia.

19. We know that the pear-shaped figure will be stable or unstable according as
the angular momentum increases or decreases as we pass from the critical Jacobian
ellipsoid along the series of pear-shaped figures.

* «On the Equilibrium of Rotating Liquid Cylinders,” ¢ Phil. Trans.,” A, vol. 200 (1902), p. 67.

+ T have recently repeated the calculations of the two-dimensional problem as far as the third order of
small quantities, including the evaluation of 2, and find that the numbers given originally for the figure
and angular velocity arc absolutely correct. See, however, § 21 below.
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The moment of inertia of the pear-shaped figure about the axis of rotation, say
MZ#?, will be given by
M = “j p (@ +y°) dady dz

where the integral is taken throughout the volume of the pear-shaped figure. We
have, by our choice of the coefficient s, ensured that the volume of the pear-shaped
figure shall remain always equal to that of the original ellipsoid, so that we have

M=§7rp0&bc,
and therefore ; ;
2= 3 ([ (g2 ,p) dedydz
L-_47r“j(x+y) v ¢ [2))

=% =Y =% . '
w—a, Y= 2 cle e e s (109)

so that the critical Jacobian ellipsoid is reduced to a sphere of unit radius, and the
pear-shaped figure is reduced to a distorted sphere. ~With this transformation,
equation (101) becomes

762———-43—jﬂ(azx’2+b2y'2)olu’dy'dz', e o o (109)

v

where the integral is taken throughout the ﬁgure bounded by the surface
12

a?y =1 < +,3b2+'y2+/<)

/4 /4
+%e2[L;i+Mbi{+ +s] 0. . « « . . . . . (104)

Let 7 be written for «/?+¢*+2% and let us further put

= rx, y =ry, 7 = rz,

so that x, y, z, are co-ordinates on a sphere of unit radius. Equation (104) becomes
) X X2 y2 72 XK
7“—1+67'3~ OL——§+/8'§+')/'C‘§ —I—@?”E

+1e? [Lw Myt +s] 0. . . . . . . (105)
at b
Let us suppose that », the radius vector to the boundary of this distorted unit

sphere is given by
r=1l+ef+eg+efh+ ...

VOL. CCXVII.—A. B
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26 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

On substituting this value for » into equation (105) and equating the coefficients
of ¢ and €% we obtain

2 2 )
2f+g[a;i2+,3%2+‘y§+/<]=0 e o oo (1006)
‘ /2 2 g 4 4 - '
f2+2g+f§ [3 <a2—2+,8?)%+'y35>+1<:l+% E‘; +%—‘Z’ + o +.eJ =0. . (107)

If dQ is an element of solid angle, equation (103) may be written in the form

I = f ”[ (P +U°y) v dr dQ,

w

= é-%— H (®x*+b%y?) (1L + bel+ 5ePg + 107 *)dQ.
w

Hence we find that £* may be written in the form %2+ A, where, as far as ¢,

2 _ 3 2.2 7202y (o1 0f2)
Al = 47rﬂ(ax +0°y%) (g +2£7) d.

The integral is here taken over the sphere of unit radius, and so can be easily
evaluated. Carrying out the necessary computations, I find

k=1 (a/?_Jr b2) = (0'844105.
AL = —0'079156¢%

Thus the moment of inertia is given by
Mk = 0'844105M (1—0'09378¢2)

20. This again differs from Sir G. DARWIN’S result, in which it will be remembered
it was found that the moment of inertia of the pear increased as e? increased. But
we shall now see that the difference between the two results agrees exactly with
what was to be expected from the different values of 7" used in our two solutions.

Sir G. DARWIN chose his parameter e (which I shall denote by ep) in such a way
that the longest radius vector of the pear-shaped figure was a (1+0°1482¢p). In
my solution, the longest radius vector is found to be @ (1+40°1809¢;), where ¢; denotes
my parameter e. Hence I find as the relation between our parameters

} 6D = 0.88336‘].
DaArwiIN’S rotation was given by
2 N
5“’— = 0'14200(1—01443066¢p?) = 0°14200 (1 —0°11259¢,%).
P
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The general solution, apart from special values for the rotation, is such that, in my

notation,
. 2

© 2,1 . n” 2>
— = n-te = 014200 {1+ ————e¢;° ).
Bup T ( T 514200
Hence T find that DarwiIN’s solution ought to coincide with the solution obtained
in my previous paper on assigning to n” a value n”;, given by

n'y = —0'015988.

The solution given in the present paper, which is believed to give a true figure of
equilibrium, is derived from the general solution by assigning to #” a value »n”; given
by '

W'y = +0°007423.

In my previous paper, it was shown that there was, so far as second-order terms
only were concerned, a doubly infinite series of figures of equilibrium, and it was
found that these could be defined in terms of two independent parameters, e and ¢,
where ¢ was the same thing as e¢/”. It accordingly appears that any figure of
Darwin’s series differs from my figure of equilibrium having the same value of e,
through his ¢ being different from mine. The excess of my ¢ over his will be

&op = e (n'y—n"p) = +0°028411¢%

Tt is readily seen that the increase in the moment of inertia over that of the
critical Jacobian, which has been called A%? will be a linear function of ¢ and ¢? say

2
/L§+n8'] ’
Hence the excess of my angular momentum over that of DArwIN, will be
83D

The value of u is easily obtained by allowing ¢* to vanish in the analysis given on
p. 72 of my previous paper. The quantity u then appears as the rate of increase
of k* as we pass along the Jacobian series of ellipsoids. The general value of 4, in the
notation there used,* is

B =1 (a”+b%) = La?(1-1271347§) + 1% (1 4+ 9'20894),
whence '

_2(B) _ —7°'84851.

¢
The excess of my value of & over that of DARWIN ought accordingly to be

uls_p = —0°183060¢,"

I have changed the sign of , which, by an O{rersight, had been taken with the 6pposite sign in my
formule as printed in the previous paper.

E 2
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28 MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

My value of Ak?* having been seen to be —0'079156¢,°, it follows that DARwWIN'S

ought to be
AR = 0°10390e,2 = 0°13317¢,)?

so that his value of %? as deduced from my calculations ought to be
k= 08441 (14+0°15777ey’).
In point of fact the value actually given by DARWIN was
B = 08441 (14 0°157786ey7).

It appears, then, that DARWIN’S moment of momentum agrees exactly with mine,
as 1t ought, except for the difference introduced by the different values we have taken
for n”.  But, besides showing this, the calculations just given provide a check on the
accuracy of the computations of both of us. Although our figures, as far as the
second order, have been calculated by very widely different methods, their moments
of momentum have been found to agree very closely.® ‘

21. The moment of momentum in the cylindrical problem was announced in my
two-dimensional paper to increase with increasing ¢

On repeating the computations of this paper, I find that the coeflicients in the
equation of the surface were correctly given, but the final computation of £* was
erroneous.T The corrected formula becomes

B = k2 (1—0"1679¢2).

The Stability Criterion.

22. We have now found for the pear-shaped figure of equilibrium,

2
2 =0'14200 (140°05227¢?)
27T'p

J = 08441 (1—009378¢%)

* It may perhaps be added that before I had discovered this check on my computations, I had calculated
the mass of my pear-shaped figure by direct integration, using the method of §19. The total mass ought
of course to come to exactly M. I find that the terms in a? af...result in an increase of mass
0°0689519Me?, while those in I, M, N ... s balance this with a decrease — 0-0689514Me2,

T The error is in the very last stage of all; the value of 4y on p. 95 ought to read

$v = 20-2545 - 118-93a*+ 4107142+ 22951,
and this leads to the formula
2 = kg2 (1-167-886%) = &2 (1 — 0~ 16788e2).

I have also calculated %? by the method of § 19 of the present paper, and found
72 = k2 (1-0-16791¢2).
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Tt follows that the moment of momentum M is given by
M =M, (1-006765¢).

Thus M < M, so that the moment of momentum decreases as we pass along the
series of pear-shaped figures, and this series 1s therefore unstable.

SUMMARY AND DiscussioNn or ResuLts.

28. Throughout the present paper, and my previous paper on the same subject, the
critical Jacobian ellipsoid which bifurcates into the pear-shaped series of figures of

equilibrium, has been taken to be

2 2 2

2 oy oz
== 4+54+5—1=0.

J 0024 b

Any adjacent figure, whether of equilibrium or not, may be supposed to be
Sre=0

where ¢ is a function of «, y, z in which the coefficients are numerically small. For
special values of ¢, this figure will be one of equilibrium. So long as we consider only
figures which differ infinitesimally from f = 0, all the possible figures of equilibrium
form a linear series, and ¢ is of the form

p=¢P, . . . . . . . . . . . (108)

where P i1s a function of #, y, z and e 1s a parameter which must be so small that e?
can be neglected.

In the previous paper it was shown that as soon as ¢® is taken into account, there
must be supposed to be a doubly infinite series of figures of equilibrium. The general
form of ¢ is

p=cP+Q+Q . . . . . . . . . (109)
where { is a second parameter of the same order of magnitude as ¢’ but capable of
2
varying quite independently of ¢’ The value of 23—— for this figure of equilibrium is
™p
greater by ¢ than the value for the critical Jacobian. The possible figures of
equilibrium may be thought of as lying inside a rectangle having ¢, { as rectangular
co-ordinates.
In the present paper I have carried the investigation as far as ¢’, and find that the
value of ¢ as far as third-order terms must be of the form

p=eP+Q+ Q'+ (R+KP) . . . . . . . (110)

where R is a new function of «, y, z and K is a constant. At first sight K appears to
be at our disposal, for if we replace the parameter e by a new parameter e+ 6e?, we can
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30 - MR. J. H. JEANS ON THE INSTABILITY OF THE PEAR-SHAPED

vary K as much as we please. But on examining the problem in detail it is found that
K is always infinite except for one special value of ¢ For this special value of ¢ we
can eliminate K altogether by a new choice of parameter. But for other values of ¢, our
solution is only valid if ¢’K is small, and, replacing ¢’K by a new parameter ¢!, the
solution reduces to

$p=0.P+0.Q+c'P

and so returns to the original first-order solution (108).

Thus, except for one special value of ¢, it is impossible to carry the linear series
outside the second order rectangle ; if we attempt to do so, the solution keeps lapsing
back into the first-order solution. '

In the previous paper I gave reasons for believing that Sir G. DARWIN, in his well-
known investigation of this problem, had introduced a spurious equation of equilibrium.
This extra equation could only be satisfied by assigning to { a special value, namely

{=-0'015988¢"

Sir G. Darwin accordingly gave this value to ¢ so that the value of ” decreased on
passing along his series of pear-shaped figures, and, assuming this value for ¢, he showed
his series to be stable.

But the investigation of the previous paper showed that there was no need to assign
this special value to ¢, and the present investigation has further shown that with this
value of ¢ it is impossible to extend the series beyond second-order terms at all.
There is only one value of ¢ which leads to a real linear series of configurations, and
this is shown in the present paper to be

{=+0007423¢%

Thus as we pass along the true linear series o’ continually increases. The angular
momentum is however found to decrease, so that the pear-shaped figure is shown to be
unstable.

24. The amount of computation involved in the problem has proved to be very
great, and as the whole question of stability or instability depends on the sign of a
single term at the end of all this computation, the question of numerical accuracy
becomes one of great importance.

The difference between my second-order figure and that of DARWIN arises solely
from the difference in the value of { The moment of inertia of such figures is a
linear function of ¢ and a very simple calculation gives the rate at which 1t ought to
vary with { Allowing for this difference in ¢ I find that my computations give for
the moment of inertia of DARWIN’s figure (in terms of DARWIN’S parameter ¢p),

MES(1L+0°15777ep7),
while DARwWIN calculated as the value of the same quantity

Mk (140°157786¢y).
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Since two independent sets of computations, conducted by entirely different methods,
have been found to lead to precisely the same result, it seems highly probable that
this result is accurate. The agreement just mentioned may reasonably be regarded as
guaranteeing the accuracy of all the second-order computations, both of DARWIN and
myself.

The actual criterion of stability, however, depends on the value assigned to ¢, and
since this depends in turn on the third-order terms, no check by comparison with
DarwiN’s work is possible. Some support is given to my value of ¢ by comparison
with a parallel investigation of the ‘‘ Equilibrium of Rotating Cylinders,” which T
published some years ago. Adjusting the parameters so that e shall have, as closely
as possible, the same physical interpretation in the two problems, I find for the factor
expressing the increase of o’ as we pass along the series of pear-shaped figures :

1+0'05227¢® for the three-dimensional problem,
1+0°0513¢* for the two-dimensional problem.

Apart from this, the checks I have used in the present paper are such that I believe
it would have been very difficult for any error to escape detection.

25. The main object of the paper is achieved as soon as the pear-shaped figure is
shown to be unstable. It is at the same time of interest to examine the bearings of
this result on the wider question of which it is a part.

v\
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Fig. 1.

In fig. 1 let PP’ represent the series of Jacobian ellipsoids, the part PO (drawn
thick) representing the stable part of the series, and the part OP’ (drawn dotted)
representing the unstable part, so that O is the point of bifurcation. Let a diagram
be drawn about this line having the angular momentum always represented by the
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vertical co-ordinates, so that for instance all systems, whether in equilibrium or not,
which have the same angular momentum as the critical Jacobian ellipsoid, must be
represented in the horizontal plane through O (this plane having as many
“ dimensions ” as are necessary). In this diagram the pear-shaped series of figures
will lie below this plane in the neighbourhood of O.

There are two a preor: alternatives, represented on the right-hand and left-hand sides
of fig. 1. In the first place, it is possible that after passing a certain distance OR/
along the pear-shaped series with decreasing angular momentum, we come to a region
R’S” in which the angular momentum again increases. Any horizontal line in the
diagram ought, on the principle of stable and unstable configurations of equilibrium
occurring alternately, to meet stable and unstable branches of the linear series
alternately. Thus the branch RS’ ought to be stable, so that R’ would be a
point of bifurcation on this series, and the other series through R/, say R'T, would
be unstable.

The alternative possibility is that the pear-shaped series of figures proceeds
continually downwards in the diagram, so that its angular momentum continually
decreases.

26. Either of these two possibilities removes a difficulty to which Sir G. DARWIN
has drawn attention.®* In what is commonly referred to as RocHE'S problem an
attempt is made to discover the other end of the pear-shaped series of figures, on the
supposition that this other end represents two detached masses revolving about one
another. Two such series of figures appear to existt ; in one the satellite is spheroidal
except for tidal distortion, while in the other it is ellipsoidal. The former series has
been shown to be stable, the latter unstable.

As the angular momentum decreases on passing along these series, the distance
between the two masses also decreases until a point is reached at which the two
series coalesce, the configuration of bifurcation being one in which the radius vector
from the centre of the primary to that of the satellite is equal to 2°457 radii of the
primary.} If the distance between the masses is decreased still further, the remaining
configurations form an unstable series. Sir G. DARWIN found a difficulty in the
instability of this series, since he believed it to be the far end of the pear-shaped
series which he thought stable. "We now see,-however, that this series may, without
change of stability, join up with either the series TR’ on the right-hand of our
diagram, or the series RO on the left.

* «Coll. Works,” ITL., pp. 515-524.

t Rocur’s problem has only been solved strictly by imposing sphericity on the primary and assuming
the satellite to be infinitesimal. Sir G. DArwiN’S work (* Coll. Works,” IIL, p. 436), leaves little room
for doubt that ROCHE’S result may be extended in the way I have stated.

1 If the satellite is not infinitesimal, the radius vector depends on the ratio of the masses, but always
lies between the narrow limits 2°457 and 2514 times the radius of the primary (see DARWIN, loc. cif.,

p. 507).
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27. We must now consider what motion is to be expected in a Jacobian ellipsoid
which has reached the point of bifurcation at which instability sets in, PoiNcarg
remarks® that if the pear-shaped figure proved to be unstable, “la masse fluide
devrait le dissoudre par un cataclysme subit.”

After reaching the point O in our diagram, the mass cannot move along the
pear-shaped series, since this would involve a decrease of angular momentum. It
may be thought of as moving along the unstable branch OP’ of the series of Jacobian
ellipsoids for an infinitesimal time until some slight disturbance brings its instability
into play.

Now of all the vibrations of this figure, it is known that one only is unstable,
namely that corresponding to the third zonal harmonic of the ellipsoid. The initial
motion of the figure must then be one in which the displacement at every point of
the surface is proportional to the third zonal harmoniec.

Thus the fluid begins by describing exactly the pear-shaped series, but as soon as
the changes in angular momentum become appreciable, it leaves this series, and passes
through a series of configurations represented in the region above O in fig. 1. These
may at first be thought of as lying parallel to the pear-shaped series, but above O.

If there is a stable branch such as R/S’ which ultimately passes above O, it is
conceivable that the series of non-equilibrium configurations might ultimately coalesce
with the series of equilibrium configurations R'S’, and the motion would be continued
along this series. In this case, M. PoiNncarE’s “ cataclysme subit” would consist in a
Jump from the stable series PO to the stable series R'S’.

Judging from the results of my parallel investigation on the configurations of
rotating cylinders, this possibility does not seem at all likely. It is, I think, much
more probable that the pear-shaped series lies like the series OR in my figure.

In this case also the liquid would move through a series of configurations which
would initially be close to the series OR, but would get continually futher removed
from configurations of equilibrium. The protuberance resulting from the initial third
harmonic displacement would develop in a manner somewhat similar to that of the
pear-shaped figure, but as the motion would necessarily be possessed of a considerable
amount of kinetic energy, the phenomenon would be a dynamical and not a statical
one. If the configuration represented at O in fig. 1 is the highest stable configuration
possible for a single mass of liquid, this kinetic process can end in only one way,
namely in the separation of the mass of liquid into two parts. As the third harmonic
displacement develops, the region of the pear which moves with greatest velocity is
known to be the extreme end of the protuberance. It is, therefore, natural to suppose
that this part of the figure would be shot away first. Moreover as the departure
from a figure of equilibrium is probably pretty pronounced before the separation takes
place, it is likely that the mass in question will be shot away with a considerable
velocity. '

* Letter to Sir G. DARWIN in the latter’s ¢ Coll. Works,” ITI., p. 315.

VOL. COXVIL—A. F
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34 MR. J. H. JEANS ON THE PEAR-SHAPED FIGURE OF EQUILIBRIUM, ETC.

After this projectile has left the main mass, the angular momentum of the latter
(measured of course per unit mass) will be reduced, and as the tidal influence of the
newly-born satellite is gradually withdrawn, the primary may settle down to a state
of stable equilibrium in which its figure is again that of a Jacobian ellipsoid. A
cycle of processes such as this might very conceivably constitute the life-history of a
rotating body after once it had passed the critical state represented by the point of
bifurcation on the Jacobian series. There seems to be no reason why the protuberance
should always develop at, and be shot off from, the same end of the Jacobian
ellipsoid.

Thus it appears that the instability of the pear-shaped figure leads us to contemplate
a series of processes of much the same nature as would have been expected if the pear
had proved to be stable, except that we are now led to assign a much shorter time to
these processes. The problem has ceased to be one of statics and has become one of
dynamics ; the phenomenon is no longer one of slow secular change but of collapse
and explosion. The mechanism of planetary birth which is now suggested is so rapid
that there need be no difficulty in supposing a planet to have been through the cycle
geveral times; had the pear proved to be stable the cycle would probably have been so
slow as to create a real difficulty.



http://rsta.royalsocietypublishing.org/

